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Abstract 

We consider a 2D Schrodinger operator Hq with constant magnetic field, on a 
strip of finite width. The spectrum of Hq is absolutely continuous, and contains a 
discrete set of thresholds. We perturb Hq by an electric potential V which decays 
in a suitable sense at infinity, and study the spectral properties of the perturbed 
operator H = Hq + V. First, we establish a Mourre estimate, and as a corollary 
prove that the singular continuous spectrum of H is empty, and any compact 
subset of the complement of the threshold set may contain at most a finite set of 
eigenvalues of H , each of them having a finite multiplicity. Next, we introduce the 
Krein spectral shift function (SSF) for the operator pair (H,Hq). We show that 
this SSF is bounded on any compact subset of the complement of the threshold 
set, and is continuous away from the threshold set and the eigenvalues of H. The 
main results of the article concern the asymptotic behaviour of the SSF at the 
thresholds, which is described in terms of the SSF for a pair of effective Hamilto- 
nians. 
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1 Introduction 

In the present article we consider a 2D Schrodinger operator H with constant magnetic 
field b > defined on a strip Sl of width 2L. The spectrum of H is absolutely 
continuous, equals the interval [£i,oo) with Si > 0, and contains a countable set of 
thresholds Z. This model is related to some aspects of the quantum Hall effect (see e.g. 
[2], [I0]). We perturb H by an electric potential V which decays in a suitable sense at 
infinity, and study some basic spectral properties of the perturbed operator H. First 
we establish a Mourre estimate (see [20]) with an appropriate conjugate operator, and 
as a consequence we show that the singular continuous spectrum of H is empty, and 
any compact subset of M \ Z may contain at most a finite number of eigenvalues of H, 
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each of them having a finite multiplicity. Similar Mourre estimates for other magnetic 
Hamiltonians have been obtained in [7] and [121 Chapter 3]. 

Further, we introduce the Krein spectral shift function (SSF) for the operator pair 
(H, H ) and prove that it is bounded on every compact subset of M\2, and is continuous 
on R \ (Z U <jp(H)) where cr p (H) is the set of the eigenvalues of H. The main results 
of the article concern the asymptotic behaviour of the SSF near the thresholds of the 
spectrum of H . We show that this asymptotic behaviour is similar to the asymptotics 
near the origin of the SSF for a pair of effective Hamiltonians which are ID Schrodinger 
operators. As a corollary we show that if the decay rate a of V is on the interval (1,2), 
then the SSF has a singularity at each threshold, and describe explicitly the leading 
term of this singularity; if a > 2, then the SSF remains bounded at the thresholds. The 
threshold behaviour of the SSF for a pair of 3D Schrodinger operators with constant 
magnetic fields has been investigated in [9] (see also [23]). In that case the thresholds 
coincide with the Landau levels, and the threshold singularities of the SSF have different 
nature, related to the spectral properties of compact Berezin-Toeplitz operators. 
The paper is organized as follows. In Section 2 we introduce some basic notations, 
describe the operators Ho and H, formulate our main results, and briefly comment on 
them. Section 3 contains the proof of our results related to the Mourre estimates, while 
the proofs of the results concerning the SSF can be found in Section 4. 

2 Main Results 

2.1. In this subsection we introduce some basic notations used throughout the section. 
Let X\, X 2 be two Hilbert spacesQ We denote by B(X\,X 2 ) (resp., by S , 00 (Xi,X 2 )) 
the class of bounded (resp., compact) operators T : X\ — > X%. Further, we denote 
by S p (Xi, X 2 ), p G [l,oo), the Schatten-von Neumann class of compact operators 
T : Xi — > X 2 for which the norm \\T\\ p : = (Tt\T\ p ) 1 ^ p is finite (see e.g. [25]). In 
this paper we will use only the trace class Si and the Hilbert-Schmidt class S 2 . If 
X 1 = X 2 = X we write B(X) or S P (X) instead of B(X,X) or S P {X,X), p G [l,oo]. 
Also, if the indication of the Hilbert space(s) where the corresponding operators act is 
irrelevant, we omit it in the notations of the classes B and S p , p G [1, oo]. 

Let T = T*. We denote by Po(T) the spectral projection of T associated with the Borel 
set O CR. 

Finally, if T e B(X), we define the self-adjoint operators Re T := |(T + T*) and 
Im T := Jt(T — T*). 

2.2. In this subsection we introduce the operators H and H, and summarize some of 
their spectral properties which will play a crucial role in the sequel. 

1 A11 the Hilbert spaces considered in the article are supposed to be separable. 
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For L > put I L = (-L, L), S = J L xR. Let 

9 2 ( 9 u 
ox z \ ay 

be the 2D Schrodinger operator with constant scalar magnetic field b > 0, defined on 
{u G H 2 (iSl) I u\qs l = 0} where H 2 (5l) denotes the second-order Sobolev space on Sl- 
Then we have 

jr^ jr* = / H(k)dk, 
Jr. 

where T is the partial Fourier transform with respect to y, i.e. 

(Fu)(x,k) := -= I e- iyk u(x,y)dy, (x, k) G S L , 



/27T 

and 

r/ 2 

if(/c) := — — + (bx - k) 2 , keR, 
ax 2 

is the operator defined on D(H) := {w G H 2 (Il)\w(— L) = w(L) = 0}. In what follows, 
we will consider D(H) as a Hilbert space equipped with the standard scalar product of 

The spectrum a(H(k)) of the operator H(k), k G R, is discrete and simple. Let 
{^■(A;)}^ be the increasing sequence of the eigenvalues of H(k), which are even real 
analytic functions of k G R (see [IS]). The minimax principle easily implies 

Ej(k) = k 2 (l + o(l)), A;^±oo. (2.1) 

By [TUl Theorem 2] we have 

kE'j(k)>Q, k^O, (2.2) 

^•(Jfe) = + /J,jk 2 + 0(k A ), k^O, (2.3) 

with 

£j := ^(0) > (2j - 1)6, ^ := ^'(0) > 0. (2.4) 

Thus <t(H ) = a^Ho) = [£\, oo), and £j, j G N := {1, 2, . . .}, are thresholds in u(H ). 
Set Z := LUn {£?•}■ 

Let 1/ : — » R be an electric potential such that the operator {V^^Hy 1 ^ 2 is compact. 
We define the perturbed operator H := H + V as a sum in the sense of the quadratic 
forms. Then we have a ess {H) = a ess (H ) = cr(H ) = [£\, oo). 

2.3. In this subsection we formulate our result concerning the absence of singular 
continuous spectrum of the operator H, and some generic properties of its eigenvalues. 
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Theorem 2.1. (i) Assume 

VH Q l G Soo, (2.5) 
dV 

H^y—H, 1 G Soo. (2.6) 

Then any compact subinterval ofM.\Z may contain at most a finite number of eigen- 
values, each of them having a finite multiplicity, 
(ii) Suppose moreover 

H o 1/2 V^H^ G B, (2.7) 



dy 

Then a sc (H) = 0. 



HvY—H, 1 G B. (2.8) 



The proof of Theorem 12. II is contained in Section 3. 

Remark Let U : Si — > [0, oo), and let A^> be the Dirichlet Laplacian on Sl. The Sobolev 
embedding theorems imply that the inclusion U x l 2 {— A D ) -1 / 2 G B (resp., U x l 2 [— A/)) -1 / 2 
G Soo) is ensured by U G L q (S L )+L°°(S L ) (resp., U G L q {S L )+Lf{S L ), i.e. for each £ > 
we have U=U 1 + U 2 with V x G L q (Si), U 2 G L°°(S L ), \\U 2 \\ L °°(s L ) <£),<?> 1- Simi- 
larly, the condition f/A^ 1 G £ (resp., f/A^ 1 G Soo) follows from [/ G L 2 (S L ) + L°°(S L ) 
(resp., U G L 2 (Sl) + L™(Sl)). On the other hand, by the diamagnetic inequality (see 
e.g. [25l Chapter 2]), we have ||£/ 7 iJo~ 7 || < ||?7 7 (— A£>) -7 ||, 7 > 0, and, moreover, 
f/ 7 (— Ad) -7 G Soo entails U^Hq 1 G Sqo. These facts could be used in order to deduce 
sufficient conditions which guarantee the validity of the hypotheses of Theorem 12.11 

2.4. This subsection contains our results on the threshold behaviour of the spectral shift 
function for the operator pair (H,H ). Let us recall the abstract setting for the SSF. 
Let Tio and TC be two lower-bounded self-adjoint operators acting in the same Hilbert 
space. Assume that for some 7 > 0, and E < inf cr(Ho) U cr(7i), we have 

(H - £ r 7 - (Ho - Ev)-~< G Si. (2.9) 

Then there exists a unique £{-','H,'Ho) G L 1 (M; (E)~ 1 ~ 1 dE) which vanishes identically 
on (— 00, Eq) such that the Lif shits- Krein formula 

Tr(f(H) - f{U,)) = f H, H Q )f{E)dE (2.10) 

Jr 

holds for each / G C °°(M) (see [IE], [TI|, [23 Chapter 8]). The function £(.;W,Wo) 
is called the spectral shift function (SSF) for the pair of the operators (TC,TCo)- If 
E < infcr(Wo); then the spectrum of Tt below E could be at most discrete, and for 
almost every E < inf cr(Ho) we have 

£(E;H,H ) — -N(E;H) (2.11) 
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where N(E;H) := rankP(_ 00j s)(?-^). On the other hand, for almost every E G cr ac ('Ho) ) 
the SSF £(E;H,Ho) is related to the scattering determinant det S(E; H, Ho) for the 
pair (TC, Ho) by the Birman-Krein formula 

det S(E; H, H ) = e -**«(Wo) ( 2 .12) 

(see 01, [23 Section 8.4]). 

Next, we define the SSF for the pair (H, H ). We will say that V satisfies condition V a , 
a G R, if 

\V{x,y)\ < c (y)- a , c>0, (x,y) e S L , 

where, as usual, (y) := (1 + y 2 ) 1 ^ 2 . Assume that V satisfies condition V a with a > 1. 
Then O holds for H = H, H = H , and 7 = 1, and hence the SSF £(-;H,H ) is 
well defined as an element of L 1 (M; (E)~ 2 dE). In the present article we will identify this 
SSF with a representative of the corresponding class of equivalence described explicitly 
in Section 4.3 below. 

Proposition 2.1. Assume that V satisfies T> a with a > 1. Then the SSF £(•; H, Hq) is 
bounded on every compact subset ofM.\Z and continuous on R \ (Z U o~ p (H)). 

The proof of Proposition 12.11 can be found in Subsection 4.6 below. 
Set 

1 if V(x,y)>0, 
-1 if V(x,y)<0. 

Fix j G N. Let ipj(-;k) : II — > R, G R, be the real-valued normalized in L 2 (Il) 
eigenfunction of the operator ^(fc) corresponding to the eigenvalue Ej(k). For e G 
(—1,1) introduce £/ie effective potential 



J{x,y) = signV(x,y) := 



™iM'= I \V{x,y)\{J{x,y) -e) %{x;0) 2 dx, yeR 

JIl 

so that Wjfl(y) = f r V(x,y)ipj(x;0) 2 dx, and £/ie effective Hamiltonians 



the number /ij being defined in (12.41) . Note if V satisfies T> a with a > 1, then (12. 9p 
holds for H = hj(e), Ho = h j, and 7 = 1, and hence the SSFs £(•; fyj(e), ^oj); J £ N, 
e G (—1,1), are well defined. 



For A > set 



If A < 0, then 
for all (3 > 0. 



1 if > 1/2, 

6p{\):={ | In A| if /3 = 1/2, (2.13) 
A"5+/5 if o < (3 < 1/2. 

6p(\) ■= 1 (2.14) 
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Theorem 2.2. Assume that V satisfies T> a with a > 1. Fix q G N. Then for each 
e G (0, 1) we have 

£(A; h q (-£), h 0>q ) + 0(9 2y (X)) < + A; H, H ) < £(A; fc ff (e), /i , g ) + O(0 2t (A)), (2.15) 
as A — > ; /or an?/ 7 G (0, (a - l)/2), 7 < 1. 
The proof of Theorem 12.21 can be found in Subsection 4.7. 

Assume now that a G (1,2). Then there exists 7 G (0, (a — l)/2), 7 < 1, such that 
#2 7 (A) = o(|A| ) as A — ► 0. Hence, using well-known results concerning the asymptotic 
behaviour of the SSF £(A; hj(e), h$j) as A — > (see e.g. [2U Theorem XIII. 82] in the 
case A ] 0, and [26J in the case A j 0), we obtain the following 

Corollary 2.1. Lei satisfy V a with a G (1,2). Fix q G N. Suppose that for each 
e G (—£0,^0) an( ^ some £0 £ (0, 1) taere exist rea/ numbers u qi ±(e) such that 

lim |u| a w 9i£ (?/) = w ff ,±(e) (2.16) 

2/— >±oo 

uniformly with respect to e. Then we have 

lim \'^H{E q - A; if, F ) = -^C^, (2.17) 

AJ.0 

lim \«-k(£ q + A; F, #0) = 1/2 C Q (esc (7r/a)fl- + cot (7r/a)fi+) , (2.18) 

where C a := ~ jl{t~ a — l) l t 2 dt, andVt^ := ^2,. =+ _u> q ,<;(0)± a , while oo qs (0) + and u) qs (0)- 
denote the positive and the negative part of u qs (0) respectively. 

For the sake of completeness we include a sketch of the proof of Corollary 12.11 in Sub- 
section 4.8. 

Remark If q = 1 and A > 0, we have £(£ x - A; H, H ) = -N(8 X - A; H) (cf. (12TTH ). 
Note that the spectrum of H below E\ is discrete if V satisfies V a with any a > 0. 
Moreover, as in (12.171) we have 

lim Aa-sJV(f ! - X;H) — fi- 1/2 C a Q7 (2.19) 

AJ.0 9 1 

for all a G (0, 2) and not only for a G (1, 2). 

Similarly, using well known results on the asymptotic behaviour as A j of the SSF 
£(A; h q (e), h 0jq ) in the case a = 2 (see [IE]), we obtain the following 

Corollary 2.2. Assume the hypotheses of Corollary \2. 1\ with a = 2. Fix q G N. Then 
we have 



Moreover, if u q> ±(0) > -/i 9 /4 ; inen - A; if, 7f ) = 0(1) as A | 0. 



1/2 
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Remark: In the case a = 2, the analysis of the asymptotic behaviour of £(A; hj(e), h j) 
as A | requires some additional estimates similar to those obtained in [26]. In order 
to avoid the inadequate increase of the size of the article, we omit these results. 
Finally, in Subsection 4.9 we prove 

Corollary 2.3. Let V satisfy T> a with a > 2. Then for each q G N we have 

£(£ g + \;H,H ) = O(l), A^O. (2.20) 

3 Mourre estimates 

In this section we prove Theorem 12 . 1 1 using an appropriate Mourre estimate established in 
Proposition 13. 11 Similar Mourre estimates have been obtained in [7] for a 2D magnetic 
Schrodinger operator defined on the half-plane, and in (T2, Chapter 3] for a 3D one 
defined in the whole space. 

Lemma 3.1. Let n G N, E G (£ n ,£ n+1 ). Then there exists 5 = 5(E) G (0, dist (E,Z)) 
such that the interval [E — 5, E + 5] satisfies 

E-\[E -5,E + 5}) = 0, r>n+l, (3.1) 

and, if n > 2, 

E; 1 ([E-5,E + 5])nE; 1 ([E-5,E + 5})=(D, r^s, r,s = l,...,n. (3.2) 

Proof. First, flUT} follows trivially from \E - 5, E + 5} n [£ n+ i, oo) = 0. 

Set B r := E^([E — 5, E + 5]) fl [0, oo), r = 1, . . . , n. Since E r are even functions of k, 

it suffices to show that 

B r nB s = ®, r ^ s, r,s = l,...,n, (3.3) 

instead of (\3.2\i . Denote by E~ x , r G N, the function inverse to E r : [0, oo) — > K.. 
Since [E — 5, E + 5] C (£„, oo), this interval is in the domain of all the functions E^ 1 , 
r = 1, . . . , n, and we have 

B r = [E;\E - 5), E;\E + 5)1 r = 1, . . . , n. 

Therefore, in order to prove that there exists 5 G (0, dist (E,Z)) such that (13.31) holds 
true, it suffices to show that there exists 5 G (0, dist (E, Z)) such that 

E~+ X (E + 5) < E;\E -5), r = 1, . . . , n - 1, 

which is evident since E~l x (E) < E- 1 (E), the functions E~ l are continuous, and n — 1 
is finite. □ 
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Lemma 3.2. Assume (12T5]) . Let X G Cg°(R). T/ien - x{H ) G Soo. 
Proof. By the Helffer-Sjostrand formula, we have 

X (H) - x (# ) = / %{H - z)-V(ff - z)- 1 ^ 

where z = x + iy, z = x — iy, x is the quasi-analytic extension of Xi an d the convergence 
of the the integral is understood in the operator- norm sense (see e.g. [8, Chapter 8]). 
Since the support of x is compact in M 2 , and the operator — z)~ x V{Hq — z)' 1 is 

compact for every (x,y) G M 2 with y ^ 0, and is uniformly norm-bounded on M 2 , we 
have X (H) - x(H ) G S^. □ 

Introduce the operator 

% f Q () 
2 ydy dy V 

defined orig inally on C^(R y ; D(H)) and then closed in L 2 (S L ). Note that 

(e UA f)(x,y)=e t / 2 f(x,e t y), t G R, f G L 2 (S L ), 

and the unitary group e preserves D(Hq). In what follows, we will consider D(Hq), 
7 > 0, as a Hilbert space equipped with the scalar product (HqU, Hqv) l 2 (s l ), u,v G 
D(Hq). Denote by D(Hq)*, 7 > 0, the completion of L 2 (Sl) with respect to the norm 
\\Ho 7 u\\ L 2 {Sl) , u G L 2 (S l ). 

Note that C™(R y ; D{H)) is dense in D(H ), and, hence, D(A) n D(H ) is dense in 
D{H ). 

Proposition 3.1. Assume f |2.5j) - (12.61) . Lei n G N, -E G (£ n ,£ n+ i). Assume that 
5 G (0, dist(£ l , 2)) chosen to satisfy (13.11) and (13.21) according to Lemma \3. 11 Lei 
X G C£°(M), supp x = [-E — 5, -E + 5] . T/ien t/iere exzsfo if e 6*00 and a constant C > 

X (#) iA)x(H) > C X {H) 2 + K (3.4) 
where the commutator [H,iA] is understood as a bounded operator from D(H ) into 

d(h )*. 

Proof. A straightforward calculation yields 

[H, iA) = [H , iA] + [V, iA] (3.5) 

where 

3 2 d 

[H ^A] = -2— + 2ibx-, (3.6) 

and 

[VM] = -y d -^A. (3.7) 

oy 



Evidently, [Ho, iA] is a bounded operator from D(H ) into L 2 (Sl), and, hence, is a 
bounded operator from D(H ) into D(H )*. On the other hand, [V, iA] is a compact 
operator from D(H ) into D(Hq)*. Hence, [H, iA] is a bounded operator from D(H ) 
into D(H )*. Further, for x € Co° W we have 

(oo „ e \ 
2 V / x(E r (k))x(E s (k))kp r (k)(k - bx)p s (k)dk 
r,s=l J ® J 

(3.8) 

where 

p r (» := (■,ip r (-;k))ip r (-;k), fceK, r G N, (3.9) 

Vv(*j being the eigenfunction defined in Subsection 2.4 before the formulation of The- 
orem I2.2I Using (13. ip and (13.21) , we find that (13.81) reduces to 



x(H )[H ,iA]x(H ) = IF \S2 j R x(E r (k)) 2 k((k - bx)^ r {k)^ r {k))p r {k)dk\ J". 

(3.10) 

This, combined with the Feynman-Hellmann formula 

E' r (k) = 2({k-bx)Mk),A{k)), (3.11) 

yields 

/ n r® \ 

X (H )[H 0l zA]x(H ) = r IJ2 J r kE' r (k) X (E r (k)) 2 p r (k)dkj T. (3.12) 

Moreover, by (12. 2p . we have 

kE' r (k)x{E r (k)) 2 > C rX (E r (k)) 2 , 
with C r = min ke [ E ^s,E+6] kE' r {k) > 0, r = 1, . . . , n. Therefore, 

( n r® \ 

x(H )[H Q ,iA] X (H ) > CT* IJ2 J r x(E r (k)) 2 p r (k)j T = C X (H ) 2 , (3.13) 

where C := min r=lj n C r > 0. By (13. 5p . 

X (H)[H,iA]x(H) = x(H )[H ,iA]x(H )+K , (3.14) 

where 

dV 

K = X (H )[H ,iA] (X(H) - X (H )) + (X(H) - \H,M}x{H)-x{H)y—x{H) := 
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K 1 + K 2 + K 3 . 

We have 

K x = x(H )H H- l [H ,iA} { X (H) - X (H )) , 

and the operators x{Hq)Hq and Hq [H , iA] extend to bounded operators in L 2 (Sl) 
(see ( 13.61) ). Since the operator x(H) — x(-^o) is compact by Lemma I3~2l we conclude 
that K\ G Soq(L 2 (Sl))- Similarly, taking into account that X (H) — x{Ho) is compact, 
and the operators [Ho, iA]!!^ 1 and H x(H) = Hx(H) — V X (H) are bounded, we get 

K 2 = ( X (H) - x(Ho)) [Ho,iA]H^Hox(H) G S^L^Sl)). 

Finally, the operator 

K 3 = x {H)y^ X {H) = x{H)HoH, l y^-H Q l Hox{H) 

is compact in L 2 (Sl) since H^y^H^ 1 is compact by (12.61) . and x(H)H = (H oX (H))* 
is bounded in L 2 (Sl). Therefore, K = K\ + K 2 + K 3 G S^. Combining (13. 13j) and 
(J3H1D, we get 

X {H) [H, iA) X (H) > Cx(H ) 2 + K = C X (H) 2 + K + K 4 , (3.15) 

where K 4 := C {x{H ) 2 - x{Hf) G Soo by Lemma O Hence fl3TT5l) implies j33]) with 
K = K + K 4 . □ 

For £ G f and 5 > set A B (5) := (E - 5/2, E + 5/2). 

Corollary 3.1. Assume fl2J| - ([2J|. Fix E G {S n ,S n+1 ), neN. Let 5 G (0,dist (£,£)) 
6e chosen as in Proposition \3. 1\ 

(i) We have 

F AE{s) {H)[H,iA]F AE{s) {H) > CF Ae{5) (H) + K (3.16) 

where K := F Ae ^s){H)KF Ae {S){H) G Soo, C and K being the same as in (13.41) . 

(ii) Suppose moreover that E G" o- p (H). Then for 5' G (0, 5) small enough we have 

F AE{sl) {H)[H,iA]F AEm {H) > 1 -CF Ae{SI) {H). (3.17) 

Proof. Choose x i n (13.41) to be equal to one on Ae(5), and multiply (13.41) from the left 
and the right by F Ae ^)(H). Thus we get (13.161) . In order to obtain (13. 1 7j) . we repeat 
the argument of the proof of 0, Lemma 4.8]. Pick 5' G (0, 5) and multiply (13 . 16[) from 
the right and the left by F Ae ^(H). We get 

F AE(6/) (H)[H,iA}F AE(sl) (H) > CF Ae(s/) (H)+F Ae{si) (H)KF Ae(s/) (H). (3.18) 
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Since E G" o~ p (H) and, hence, s — lim^o F Ajs (s')(H) = 0, while K is compact, we have 
n - lim (5 / i oI I> A i5 (5')(^)^ P A B (<5')(^) = °- Choose 5' G (0,5) so small that 

\\¥ Ae{si) (H)K¥ Ae{s/) (H)\\<C/2 

which implies 

F Ab{s/) (H)K¥ Ab{s/) (H) > - 1 -C¥ Ae{5I) {H). (3.19) 
Combining (l3~T8l) with (13~T9|) . we obtain (13~TTD . □ 

Since the unitary group e ltA preserves D(H ), and [H,iA] : D(H ) — > D(H )* is a 
bounded operator, the Mourre estimate (I3.16P entails the following 

Corollary 3.2. [20], Theorem 4.7], [EE] ^Issnme ([23]) - (J2JJ. Let E, 5, and A E (5) 
be as in Corollary \3.1\ Then Ae{5) contains at most finitely many eigenvalues of H, 
each of them having a finite multiplicity. 

Now we are in position to prove Theorem 12.11 Let A C R \ Z be a compact interval. 
If A C (— oo,£i), then A fl o~ css (H) = and A may contain at most a finite number of 
eigenvalues, each having a finite multiplicity. Assume A C (£ n ,£ n+ i), n£N. For each 
E G A choose 5 = 5(E) as in Proposition 13.11 Then we have A C U^aA^^). Since A 
is compact, there exists a finite set {Ej}^ =1 of energies Ej G A such that 

A C uf =1 A Ej (8). (3.20) 

Assume (12.51) - (12.61) . Then (I3.20p and Corollary 13.21 imply that A may contain at most 
a finite number of eigenvalues, each having a finite multiplicity. Hence, the first part of 
Theorem 12.11 is proved. 

Assume moreover (12.71) - (12.81) . It follows from (12. 7p that [H, iA] extends to a bounded 
operator from D(H ) to D(H^ 2 )*, while (12.81) combined with (12.61) . implies that the 
second commutator [[H, iA],iA) extends to a bounded operator from D(H ) to D(H )*. 
Then Corollary 3.1 ii) together with the results of [6] Corollary 4.10] and [H] (see also 

HU) imply that cr sc (F) n ({£ n , S n+1 ) \ cr p (H) \ = 0, n G N. Since the set (£ n ,£ n+1 ) n 

o~ p (H) is at most discrete, we get cr sc (H) fl (£ n ,£ n+ i) = 0, n G N. Finally, since £\ = 
inf a ess (H) we have a sc (H) fl (— oo,£i) = 0. Therefore, cr sc (H) fl (R \ Z) = 0. Since Z 
is discrete, a sc (H) = 0. The second part of Theorem 12. II is now proved too. 
Remark Mourre estimates and their corollaries concerning the spectrum of H could be 
also deduced from the general scheme for analytically fibered operators developed in 
[IB] . The advantage of our approach is that it relies on an explicit and simple conjugate 
operator A, and offers an explicit description of the "exceptional set" Z. 
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4 Analysis of the Spectral Shift Function 

4.1. In this subsection we summarize some simple properties of compact operators 
which will be systematically used in the sequel. For s > and T* = T G Soo set 

n±(s] T) : = rank P (S)0o) (±T). 

For an arbitrary (not necessarily self-adjoint) operator T G put 

n,(s;T) :=n + (s 2 ;T*T), s > 0. (4.1) 

If T = T*, then evidently 

n*(s;T) = n + (s,T)+n^(s;T), s > 0. (4.2) 
If Ti, T 2 G ^oo, and Si > 0, s 2 > 0, then the well known Weyl - Ky Fan inequalities 

n*(si + s 2 ; Ti + T 2 ) < ?i) + n*(s 2 ; T 2 ) (4.3) 

hold true. Moreover, if Tj = T*, T\ G S^, and rankT 2 < oo, we have 

n±(s; Ti) — rank T 2 < ri±(s; Ti + T 2 ) < n±(s; Ti) + rank T 2 , s > 0. (4.4) 
If T G S p , p G [1, oo), then the following elementary Chebyshev-type inequality 

n*(s;T) < s- p \\T\\l (4.5) 

holds for every s > 0. 

4.2. In this subsection we introduce the concepts of index of a Fredholm pair of orthog- 
onal projections, and index for a pair of selfadjoint operators, and discuss some of their 
properties. More details can be found in pQ and [5]. 

A pair of orthogonal projections (P, Q) is said to be Fredholm if 

{-i,i}n<7 ess (P-Q) = 0. 

In particular, if P — Q G S^, then the pair (P, Q) is Fredholm. 
Assume that the pair of orthogonal projections (P, Q) is Fredholm. Set 

index(P, Q) := dim Ker (P - Q - I) - dim Ker (P-Q + I). 

Let M, M, be bounded self-adjoint operators. If the spectral projections P(_ OOi0 )(M) 
and P(_ 00j o)(M) form a Fredholm pair, we will use the notation 

ind(M,M) := index(P ( _ oo , )(M), P ( _ OOj0 )(M)). 

A sufficient condition that the pair P ( _ OOi0) (M), P ( _ OOj0 )(M) be Fredholm, is M = M + A 
where M is a bounded self-adjoint operator such that G" <7 ess (M), and A = A* G S^. 
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Lemma 4.1. [5j Subsection 3.2] Let M be a bounded self- adjoint operator such that 
^ a(M). Let A and B be compact self-adjoint operators. Then for s G (0, oo) such 
that [—s, s] n o~(M) = we have 

iad(M+s+B,M+s)-n + (s;A) < md(M+A+B,M) < ind(M—s+B, M—s)+n^(s; A). 

(4.6) 

Assume, moreover, that the rank of A is finite. Then we have 

ind(M + B, M) — rank A < ind(M + A + B, M) < ind(M + B, M) + rank A. (4.7) 
Remark: Note that in the case B = 0, estimates (14. 6[) imply 

|ind(M + A, M)\ < n*(s; A) (4.8) 
for any s > such that [— s, s) H cr(M) = 0. 

Lemma 4.2. [2Tj Lemma 2.1], [5j Subsection 3.3] Let M be a bounded self-adjoint 
operator such that ^ <r(M). Lei Ti = Tj* G and T 2 = T 2 * G S\. Then for each 
s i > 0, s 2 > sitc/i i/iai [— s, s] H cr(M) = witt s = Si + s 2 , we have 

[ \md(M + T 1 + tT2,M)\dfi(t)<n*(s 1 ;T 1 ) + —\\T 3 \\i (4.9) 

w/iere d//(t) := 

4.3. In this subsection we describe a representation of the SSF £(E;TC,Tt Q ) which is a 
special case of the general representation of the SSF due to F. Gesztesy, K. Makarov, 
and A. Pushnitski (see [2T], [H], [22]). 

Let Xi and X 2 be two Hilbert spaces. Let Ti and 7i be two lower bounded self-adjoint 
operators acting in X 1 . Assume that (12.91) holds for some 7 > 0. Next suppose that 

V := H - H = K?JK, (4.10) 
where K G 8(X 1 ,X 2 ), J = J* G B(X 2 ), and ^ a (J). Finally, assume that 

JC(H - £ r 1/2 e S' 00 (X 1 ,X 2 ), (4.11) 
K^TU-Eq)-^ eSiiX^Xi), (4.12) 
for some £ < inf <r(ft) U cr(W ) and 7' > 0. For 2 G C+ := {C G C | Im( > 0} set 

T{z) := JC(H - z)- 1 ^*. 

Evidently, T(z) G S^X^. 

Lemma 4.3. [3J Let ffl~TQ\\ - (14TT21 hold true. Then for almost every E G R the 
operator-norm limit T(E) := n — lim^o T(E + iS) exists and by (14.121) we have T(E) G 
5oo(X 2 ). Moreover, < ImT(E) G Si(X 2 )- 
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Theorem 4.1. [21], PU, [22] Let flUD and (|47T0]) - (I4TT2D /ioW frue. Then for almost 
every E EM. we have 

£{E;H,Ho)= [ indiJ- 1 + ReT(E)+tlmT(E),J- 1 ) dy.(t). (4.13) 

Note that the convergence of the integral in (14.131) is guaranteed by Lemma [4. 21 
Now suppose that the electric potential V satisfies D a with a > 1. Then relations (12. 9ft 
and (jrio]) - (1412]) hold true with X x = X 2 = L 2 (S L ), H = H , H = H, V = V, 
/C = |1/| 1/2 , J = J = signV, and 7 = 7' = 1. For 2 G C+ set 

T{z) ^{V^iHv-z)- 1 ^ 1 ' 2 . 

By Lemma 14.31 for almost every £eK the operator-norm limit 

T(£) := n - lkT(£ + z<J) (4.14) 

exists, and 

< ImT(£) G Si. (4.15) 

In Corollary 14. II below we will show that the limit (I4.14p exists, and relation (14.151) holds 
true for every E G R \ Z. Then Theorem 14.11 implies that for almost every E G R we 
have 

£(E;H,H )= [ ind(J + ReT(E) + 1 ImT(E), J) dii(t), (4.16) 
Jr 

the right-hand-side being well defined for every E G R \ Z. In this article we identify 
the SSF £(E; H, H ) for energies E & Z with the r.h.s. of (|435jl . 

4.4. Fix j G N. Denote by </?j- : [0, 00) — > [0, 00) the function inverse to Ej — £j. In the 
following lemma we describe some properties of tpj which will be used in the sequel. 
Let (3 and r\ be two functions with values in [0, 00), and O C D(/3) fl D{rj). We will 
write (3{s) x rj(s), s G O, if there exist two constants c± > such that for each sGO 
we have c_r/(s) < /3(s) < 0+77(3). 

Lemma 4.4. Lei j G N. H^e Ziave 

ip j (s)-s 1/2 , sg[0,oo), (4.17) 

^•(s)x S - 1/2 , s 6 (0,oo). (4.18) 

Moreover, 

<Pj{s) = Vs<S>(s), sG[0,oo), (4.19) 

where $ G C°°([0, 00)), and 

»(0) = M7 1/2 , (4.20) 
£/ie number fij being defined in (12. 4p . In particular, we have 

|^'(s)| = 0( S - 3 / 2 ), 86(0,80), s G (0,oo). (4.21) 
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Proof. By flU]) and we have 

Ej(k) ~ Sj - k 2 , keR, (4.22) 

which implies immediately (I4.17p . On the other hand, (13. lip and (12. 2p easily yield 

E'jify^k, fce[0,oo). (4.23) 

Bearing in mind the formula for the derivative of an inverse function, we find that (I4.17P 
and (T4T23|) imply (14381) . 

Further, for t > introduce the function Ej(\/t) — £j, and denote by \1/ = : [0, oo) — > 
[0, oo) its inverse. By (14.181) we have $'(s) x 1, s 6 [0, oo). Since Ej is analytic, we find 
that ^ G C°°([0,oo)). Moreover, #(0) = and tf'(0) = fij 1 . Since <p(s) = yfifffi, we 
get (14.191) with $(s) = y/ty(s)/s, which on its turn implies (14.201) . □ 

For j G N set 

/•© 

P^. : = F* \ Pj (k)dkF, 
Jr 

the orthogonal projections Pj(k), fcel, being defined in (I3.9p . For z G C + and j G N 
put 

r i (z):Hv| 1 ^(tfo-*)-W /2 - 

Lemma 4.5. Assume that V satisfies T> a with a > 1. Pzx j G N. T/ien for each 
z G C + we have Tj(z) G Si and the operator-valued function Tj : C + — > Si is analytic. 
Moreover, for {£,,} £/ie /zmrf 

r,(£)=M,(£ + ii) (4.24) 

exists in Si, andTj : WL\{£j} — > 5*1 zs continuous. Next, if E — £j < ; i/ien i/ie operator 
Tj(E) is self-adjoint, and if E — £j > 0, we have 

< ImTj(E), TaaklmTj{E) < 2. (4.25) 

Finally, for each \ > there exists Cj = Cy(Ao) suc/i £/ict£ /or < \E — £j\ < \o we 
have 

\\T 3 (E)\\i < C.IE - £ 3 r 1 ^ (4.26) 
if E — £j < 0, then Cj could be chosen independent of Xq. 

Proof. Let G = Gj : K — > S 2 (L 2 (Sl), C) be the operator- valued function given for k G M 
by 

G{k)u:=-^= [ e- iky \V(x,y)\ 1/2 ip j (x;k)u{x,y)dxdy, u G L 2 {S L ). 



2,71 
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Evidently, 
for any fcel. Next, 



\\G(k)*G(k)\\i = \\G(k)\\l < Cl := ^- sup / |r ( .r.. 7 )|r/,y (1.27) 

27T xei L . 



|| G ( A ; 1 )_G(A; 2 )||2 = ^ / / ^{x^We-^^ix-M) ~ e'^^x; k 2 )\ 2 dxdy < 

^ JR Jl L 

22(1-7) r r 

sup \V(x,y)\\y\^dy\k 1 -k 2 \^ + 2c 1 \4>(x; h) - tP(x; k 2 )\ 2 dx 



71 x&Il Jm Ji l 
for h, k 2 G R, and 7 G (0, (a - l)/2), 7 < 1. Since ip G G°°(R fc ; L 2 {I L )), we have 

VK^j ^1) — i/j(x; k 2 )\ 2 dx = 0(\k\ — k 2 \ 2 ) 

II 

for fcx, k 2 G (— fco, fco) with fc G (0, 00). Therefore, 

||G(A:i)-G(A; 2 )|| 2 = 0(|A:i-A; 2 n (4.28) 

for fci, k 2 G (— fco, fco), k G (0, 00), and 7 G (0, (a — l)/2), 7 < 1. Taking into account 
dH27D and (IQi . we find that if z G C+, then 

IIGJG^-^HxGL 1 ^). (4.29) 

Then the spectral theorem implies 

Tj{g)= r GM-Gjik) ^ zeC+ ^ (4 3Q) 

where, due to (14.291) and the continuity of the functions Gj : R — > S 2 (L 2 (Sl), C) and 
£y : R — > R, the integral admits an interpretation as a Bochner integral in the Banach 
space Si (see e.g. [IS]), and it is easy to see that Tj : C + — > £1 is analytic. 
Let F = Fj : (0, 00) — ► S 2 (L 2 (S L ), C 2 ) be the operator-valued function defined for 
s G (0, 00) by 

F(s)u := vV(^)(G(^(s))n, G(-p(s))u), u G L 2 (5 L ), 
where, as above, ip = (fj denotes the function inverse to Ej — £j. Then we have 

TAz) = f°° Fj{s) * Fj ^ ds, z = £ 3 + \ + i5e C+. 

Further, if A := E — < 0, set 



10 Fj (sYFjis) 



T,(E) = I JV g y _^ v J ds. (4.31) 
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Evidently, the operator Tj(E) is self-adjoint. Also, it is easy to check that (I4.24p holds 
true, and the function Tj : (—00, £j) — > Si is continuous. By (14.271) and (I4.18p . 



\\T j (E)\\ 1 <2c 1 



00 ff{s) 



s + |A| 



ds = O 



ds 



s^{s + \\\) 



OdAr 1 / 2 ), A<0, 



so that (I4.26P holds in this well. 

Let now A = E — £j > 0. For E = £j + A put 



ReTj(E) : = v.p. 



s-A 

ImTj(E) := w F i (A)*F i (A), 
Tj (E) := ReT j (E)+ilmT j (E). 
Note that f!4.33|) immediately implies (I4.25p . Moreover, 



(4.32) 
(4.33) 



v.p. 



F(s)*F(s) 
s-A 



ds 



A/2 F(s)*F(s) , 

' ds + 



s-A 



3A/2 



s-A 



<is+ 



A/2 dv 

{F{X + z/)*F(A + v) - F(X - u)*F(X - u)) — . (4.34) 

By gUD and flCTj) . 

|^(A + 1/) - p(A - v)\ = O ((A + z/) 1/2 - (A - z/) 1/2 ) , (4.35) 

\<p'(\ + u)- cp'{X -u)\ — 0((X- u)- l/2 - (A + u)- l/2 ) , (4.36) 
for v G (0, A/2), A G (0,A ). 

Taking into account (14271) - ipg| . (OSji . and fT4~3"2l - (OBj) we find that the operator 
Tj(E) is well defined, that (14.241) holds true again, and 



||F(A)*F(A)||i = 0(A~ 1/2 ), A>0, 



A/2 



J»*^(s; 
s-A 



c/s 



OCA- 1 / 2 ), 



3A/2 



F(s)*F(s) 
s-A 



c/s 



A/2 di/ 
(F(A + z/)*F(A + u) - F(X - u)*F{X - 1/)) — 



= 0(A- 1/2 ), A > 0, 
0(X~ 1/2 ), AG(0,A ), 



which yields again (I4.26p . 



□ 



4.5. Let j G N. Set := 52m=j ^rn where the convergence of the infinite sum is 
understood in the strong sense. For z G C+, Rez < £j, put 



T+{z) :=\V\ 1 ' 2 P+(H -z)- 1 \V\ 1 ' 2 
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Lemma 4.6. Fix j G N. Let E G (—oo,£j). Then the limit 

T+{E) = T+(E)* = n- limT/(E + iS) (4.37) 

exists. Moreover, for any z G C + \ [£j, 00) we have Tj(z) G S2, and the operator-valued 
functionTj~ : C+\[£j,oo) — > S 2 is continuous. Finally, there exists a constant C + which 
depends on V, but is independent of E and j, such that 

\\Tt{E)\\ 2 < C+SjiSj-E)- 1 , E G (-oo,£,-). (4.38) 

Proof. We have 

P+(H - z)- 1 = P+F [Sj>oo) (H )(H - z)' 1 (4.39) 

and the operator valued function P[ £ oo )(if )(if — z)" 1 is analytic even on C \ [£j, 00). 
Since Pl~ and |>/| 1//2 are bounded operators, this analyticity implies, in particular, the 
existence of the limit in ( 14. 3 7B and the continuity of Tj~ : C + \ [£j, 00) — > B. Further, 

\\\V\ l l 2 P+{H -E)- l \V\ l l 2 \\ 2 < sup l^^l^llP+^-^-^ollll^o" 1 ^! 172 !^- 

(x,y)eS L 

(4.40) 

By gSSD, 

\\P+{H -E)- X H \\ < \\¥ [eji0o) (Ho)(H -E)- l H \\ < sup A(A — = £ j {£ j — E)~ 1 . 

Ae[£j,oo) 

(4.41) 

On the other hand, the diamagnetic inequality for Hilbert-Schmidt operators (see e.g. 
[2"5] Theorem 2.13]) implies 

||^ _1 |^| 1/2 ||2 < W^lVn (4-42) 

where, as above, is the Dirichlet Laplacian defined on S^. The integral kernel of 
Ad is explicitly known, and we easily find 

W^oWX < lfc,£f>- f Wflp- (4-43) 

n=l " " ' 

Putting together (OD]l - (jQ3l) . we obtain (TOSD. 

Finally, an estimate similar to (I4.40p of the Hilbert-Schmidt norm of the difference 
|y|V2p+(iy _ z^lVl 1 / 2 - \V^' 2 Pf{H - z 2 )- l \V\ l l 2 , z u z 2 G C;\ [£j,oo) easily 
implies the continuity of : C + \ [£j, 00) — > S 2 - □ 

4.6. In this subsection we prove (14.14ft - ( 14.151) as well as Proposition 12.11 

Let E G R \ Z. If E has one nearest element from Z, let q = q{E) be the number of 



18 



this neighbour; if E has two nearest elements from Z, for defmiteness let q(E) be the 
number of the greater of these elements. Set 

q(E) 

T{E) :=J2TAE)+T+ E)+l (E). (4.44) 
i=i 

Corollary 4.1. Let V satisfy V a with a > 1, and let E E R\ Z . Then ill - (l4~T5j) 

hold true, the limiting operator T(E) being defined in (I4.44p . Moreover, 

rank ImT(E) < 2q(E). (4.45) 
Proof. In order to prove the existence of the limit (I4.14p . we just have to write 

q(E) 

T{E + iS) := T A E + + T t { E) + i( E + M), 6>0, 

and to apply (14.24)) and (14.371) . In order to prove (14.151) and (14. 45 p . it suffices to apply 
fljjggp , bearing in mind that ImT(E) = J2f=i ImTj(E). □ 

Next we prove Proposition 12.11 The proof of the continuity of the SSF repeats word by 
word the proof of the continuity part of Proposition 2.5]. Let us show that the SSF 
is locally bounded, i.e. that it is bounded on every compact subset of M \ Z. 
Let Applying (14161) . (Oil , and g2D, we get 

\£(E;H,H )\ < n*(s;ReT(E)) + ranklmT(E), s e (0,1). (4.46) 

By g3D, 

q(E) 

n*{s; Re T(E)) < n*{s/2; ^ ReTj(E)) + n*(s/2; T+ E)+1 {E)). (4.47) 
Using (14.51) with p = 1 and p = 2, as well as (I4.26[) and (I4.25p . we get 

q{E) q{E) 

n*( S /2;^ Re < - £ Hi < - £ Cj\E - S^ 2 , (4.48) 

i=i i=i j=i 

^( S /2;T+ S)+1 (E)) < i||T+ £)+1 (E)||2 < ^Cl£ 2 q{E)+1 (£ q(E)+1 - E)~\ (4.49) 

Now the combination of (14.461) . (14.25)) . and (I4.47P - (14.491) implies the local boundedness 
of the SSF. 

4.7. In this subsection we prove Theorem 12.21 
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Proposition 4.1. Assume that V satisfies V a with a > 1. Pick q G N and A 7^ such 
that E := £ q + A G' Z . Then we have 

md(J + e + ReT q (E), J + e) + 0(l) < £(E;H,H ) < ind (J - e + ReT q (E), J-e) + 0(1) 

(4.50) 

as A — > /or eac/i e G (0, 1). 

Proof. Applying (OS]) . (ET7|) . and we get 

\£(E;H,H ) -md(J + ReT(E), J)\ < 2q(E). (4.51) 
Write ReT(E) = ReT 9 (_E') + f(E) where T(£) := ^. <? Re Tj (E) + T+ +1 (E) . By (TO, 

ind(J + e + ReT,(E), J + e) -n,(e;f(S)) < ind(J + ReT(E), J) < 

ind (J- £ + Re T 9 (£), J- e) +n*(e;f (£)). (4.52) 
Using (14.31) and arguing as in the derivation of (14.481) . (14.491) . we get 

n*(e; f (£)) <~ £ Y, CAE, - E j + \\~ 1 ' 2 + lc + £ 2 +1 (£ 3+1 - - A)" 2 = 0(1), A - 0. 
j-j<q 

(4.53) 

Now the combination of (1431]) - (14331) yields ([430ft . □ 

Fix j G N. Let = 0j : R — > S2(L 2 (Sl), C) be the operator-valued function given for 
fcGRby 

g j (k)u=-£= f [ e- iky \V(x,y)\ 1/2 ^ j (x;0)u(x,y)dxdy, u E L 2 (S L ). 

Similarly to fl4~2Tj) and (fl~28j) we have 

II^WIII < ci, keR, (4.54) 

11^(^0 - g(k 2 ) h^Odkt- fe 2 |T), ki,k 2 G R, (4.55) 
for any 7 G (0, (a — l)/2) such that 7 < 1. By analogy with (I4.30p set 

fj{z) ;= f 9jmm dki z E c+ . (456) 

As in the case of the operator Tj(z) (see Lemma 143]) we can show that in Si there exists 
a limit 

fj (E) = limf^E + i5), E G R \ {5,}. 

5J.0 
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Proposition 4.2. Let V satisfy V a with a > 1. Fix q G N, and let E = S q + X ^ Z . 

Then for each e e (0, 1/2) we aai>e 

ind(J + 2e + Ref 9 (E), J + 2e) + 0(1) < ind ( J + e + ReT q (E), J + e), (4.57) 

ind (J -2e + Ref q (E), J - 2e) + 0(1) > ind (J - £ + ReT 9 (£), J - e), (4.58) 
as A | 0. 

Proof. Using (14.61) and (14.81) . we obtain 

ind {J+2e + Ref q {E), J+2e)-n*{e; ReT q {E) -Ref q (E)) < ind (J+e + ReT q (E), J+e), 

md(J-2e + Ref q (E),J-2e)+n*(e;ReT q (E)-Ref q (E)) > ind (J-e+ReT q (E), J-e). 
Hence, in order to prove ( 14. 57ft - (14.581) . it suffices to show that for each e > we have 

n*{e;ReT q (E) -Ref q (E)) = O(l), A -> 0. (4.59) 

Let again y> = be the function inverse to i? g — £ ? . Denote by / = f q : (0, oo) — > 
S , 2 (L 2 (iSl), C 2 ) the operator-valued function defined for s e (0, oo) by 



f(s)u := y / (p'{s)(g(ip(s))u, g{-ip{s))u), u E L 2 {S L ). 
Then similarly to (OB . (Q2]l . and (Q4D . we have 

/,(«)*/,(«) 



f 9 (£ 9 + A) = f q {£ q + X)* = [ 

Jo 



s-X 



-ds 



if A < 0, and 

Ref 5 ( £ , + A)= ru°rm ds+ r mm^ 

Jo s — A y 3A / 2 s — X 



A/2 aV 
(/,(A + uYf q {X + u)- f g (X - v)*f q (X - u)) — 

if A > 0. Further, we have 

G(Jfc) = o(/c) + fe^(/c) 
where £ : R — > L 2 (L 2 (Sl), C) is the operator- valued function given for k e K by 

g(k)u=-^=[ [ e~ iky \V(x,y)\ 1/2 i>(x;k)u(x,y)dxdy, u e L 2 (S L ), 
V2n Jm. Ji l 

where ${x\ k) := te^vfeo) . Evidently, 

\\g(k)\\l <ci/ ?p{x;k) 2 dx, fcel, (4.60) 
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\\g{k 1 )-g{k 2 )\\2 = 0{\k 1 -k 2 n (4.61) 
for k%, k 2 G (— k , ko) with k G (0, oo), and 7 G (0, (a — l)/2), 7 < 1. Next, we have 

F( S ) = /( S ) + ^(5)r(s) 

where r : (0, 00) — > S 2 (L 2 (Sl), C 2 ) is the operator-valued function defined for s G (0, 00) 
by 

r(s)u := ^/(f f (s)(g((p(s))u, -g(-(p(s))u), u G L 2 (S L ). 

Therefore, 

F(s)*F(s) = f(s)*f(s) + 2ip(s)Ref(s)*r(s) + <p(s) 2 r(s)*r(s). (4.62) 

Note that 

V(s)f(syr(s) = <p(s)v'(s) (g(<p(s)y Q (<p(s)) - g (- v ( s )y g(- V (s))) = 

<p(8)<ff{s) (g(<p(8)n e {<p(8)) - q(-<p(8))) + (g(<p(s)y - g(- V (s)y)g(- v (s))) . 
Hence, by f OTjl - fjIXSL fjOijl - (OSj) . and (14T601) - (|OII) . we have 

^(a)||/(a)M«)lli = 0(a 7/2 ), 7e(0,(a-l)/2), 7 < 1, (4.63) 
p(s) 2 ||r(s)V(s)||i = 0(s 1/2 ) (4.64) 
for s G (0, s ) and s G (0, 00). By (14.621) . for a fixed s > we have 

Re T q (S q + A) - Re f q (S q + A) = T q (S q + A) - f g (£, + A) = 

f°° f(s)*f{s), , r o 2^( S )Re/( S )V( S ) + ^( S ) 2 r( S )V( S ) 



rm*m ds _rf(sym ds+ r 

J s s-X J S0 s-X J 



's " ^so 

if A < 0, and 



s — A 



ReT g (£ ? + A)-Ref 9 (£ g + A) = /°° F(s) * F(s) d s - f° 

Jso s — A ,/ So s — A 



50 2^(s)Re/(s)*r(s) +<^(s) 2 r(s)*r(s) , /" A/2 2<^(s)Re f(s)*r(s) + ip(s) 2 r(s)*r(s) , 

GSS+ / ds+ 



x\ 2 s — A ./(•, s — A 

2 / Up(X + i/)Re /(A + v)*r(X + v)- cp(X - u)Re /(A - v)*r{X - v))—+ 
Jo v 

x/2 dv 
(tp(X + z/) 2 r(A + u)*r{X + u) - <p(\ - vfr{X - u)*r{X - v)) — 

v 

if A is positive and small enough (say, A G (0, s /2)). Using estimates (I4.35P - (I4.36P as 
well as (TCMD - flMSD, (EM) - Pi . and (JMSD - pi) , we obtain 

||ReT 9 (£ 3 + A) - Ref 3 (£ g + A)|| a = 0(1), A -> 0, 

which combined with (14.51) for p = 1 yields ( 14. 59ft . and hence ( 14.571) - ( 14.58ft . □ 
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Fix j G N. By analogy with (TOOl) and (fl~56l) set 

As in the case of the operators Tj(z) and f(z), in Si there exists a limit 

r i (J5) = liinr i (JB + i«), EeR\{0}. 

OJ.U 

Proposition 4.3. Lei V satisfy V a with a > 1. Fzx g G N. Then for each e G (0, 1/2) 
and 7 G (0, (a — l)/2), ^ < 1, we have 

ind ( J + 2e + Rer g (A), J + 2e) + O(0 27 (A)) < ind ( J + £ + Ref g (f, + A), J + e), (4.65) 

ind (J - 2e + Rer 9 (A), J - 2e) + 0(9 2y (\)) > ind (J - e + Ref q (£ q + A), J - e), (4.66) 
as A — > 0, the functions Op being defined in (12. 13ft - (12.141) . 

Proof. Similarly to the proof of Proposition 14.21 (see (14.591) ). it suffices to show that for 
each e > we have 

n*(e;Ref,(£, + A) -Rer,(A)) = O(0 27 (A)), A -> 0. (4.67) 

Let at first A < 0. In this case we have 

Ref 9 (£ 9 + A) - Rer 9 (A) = f q (£ q + A) - r q (X) = 

/ ^(^W rw^f a/ * 

Jr ( E q( k ) ~£q- VWqk 2 ~ A) 

and 

||f& + A) -T^lk <^ f lE vL~ ( fr?? l dk = 0(l), A TO, 

Hq Jr k 2 {E q (k) - E q ) 

which combined with (14.51) for p = 1 yields ( 14. 6 7ft in the case A < 0. 

Let now A > 0. As above, let if = (p q be the function inverse to E q — £ q . Set 

cf>(s) = Ms) ■= ^ 1/2 s 1/2 , a > 0. 

By dHHD - g^DJ, 

v (s)-4>(s)=0(s 3/2 ), (4.68) 

(p '(s)-<J) , (s) = 0(s 1/2 ), (4.69) 

for s G (0, So) and So G (0,oo). Fix So G (0, oo) and assume A < Sq/2. For r\ = ip or 
t] = (p define the operator- valued function : (0, oo) — > S2(L 2 (Sl), C 2 ) by 

T v (s)u := (g(r)(s))u,g(-r](s))u), s > 0, u G L 2 (S L ), 
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and 

M V!l (X) := r^s f^^ ds, 
M„ 2 (A) :=v.p. |-,: (i) ^W)-r,(>)T,(A) Ai 

m„, 3 (a) : = r^ ( . ) (r,M-r,(A))-(r,w-r,(A)) tfa- 

JO S — A 

Then we have 

f q {£ q + X)= M ^), r q (X)= M ^(A). 

Z=l,2,3 i=l,2,3 

It is easy to see that 

||M,, 1 (A)|| 1 = 0(1), A|0, r) = <p,(j>, (4.70) 

rankM^A) < 6, A > 0, r] = (p,(j), (4.71) 

||M r , i3 (A)|| 1 =0(^(A)), A 10, 77 = ^. (4.72) 

Let us show that 

||M„,3(A)-M^(A)||i = O(0 27 (A)), A 10. (4.73) 



We have 



M^ 3 (A) - M , 3 (A) = 

80 - ^))^( g )- r ^ A ))*^^)-r,(A)) ds+ 

s — A 

*° , (s) gV(g) - i» - iy A) + ryA))*(ry( g ) - iy A)) ^ | 

s — A 

80 ^ (i» - iyA))*(i» - - iy(A) + ryA)) ^ _ 

s — A 
/1 + / 2 + J 3 . 

Using (Qgp . (14351) . and (OSlI which implies \<p(s) -<p(\)\ = 0(\yfi-V\\), s G (0, s ), 
we get 
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O / = 0(1), A I 0. (4.74) 



\s - A| 

Further, for s, A > 0, and 7 G (0, (a — l)/2), 7 < 1, we have 

||r v ( s )-r^)-r^(A) + r (A)||2< 

- sup (y) a \V(x,y)\ [ \e lip{s)y - e l ^ s)y - e lip{x)y + e^ x)y \ 2 {y)~ a dy < 

n {x,y)eS L Jr 
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— sup ( y y\V(x,y)\ [ \y\ 2 ^yr a dy(\^s)-^s)\^ + \ V (\)-mn- 
Using ( 14.681) . we get 

Wl = o (f + Wy-W ^ = 0M X [0, j = 2,3. 

(4.75) 

Putting together (14.741) and (14. 75 p . we obtain (14.731) . Now the combination of (14.701) - 
( ESJ) with (g3D and (J43]) for p = 1 yields (fl~6Tl) in the case A > 0. □ 

Next, we note that for each A > and q G N we have rankImr g (A) < 2, while Imr,(A) = 
if A < 0. Therefore, 

ind(J-£+Rer 9 (A), J-e) = / ind (J-£+Rer g (A)+tImr g (A), J—e)dn(t)+0(i), A -> 0, 

(4.76) 

for each e G (— 1, 1). On the other hand, we have 

W q ,e = K*{J-e)' l K, £€(-1,1), 
T q (z) = X(h , q ~ z)' 1 X* , Z G C+ \ {0}, 

where x : L 2 (M) — > L 2 (Sl) is the operator defined by 

(xu)(x,y) := ^(x,0)\V(x,y)\^ 2 u(y), « e ^W- 
By Theorem 14.11 we have 

/ ind(J-e + Rer 9 (A) + tlmr q (\), J - e)dfi(t) = ((X; h q (e) , h 0>q ) , A ^ 0. (4.77) 

Combining (IOD]l . (14371) - (1438]) . (14651) - (IOTP . (T4\76D . and (HTTP , we obtain (T2~T5D . 

4.8. In this subsection we give a sketch of the proof of Corollary 12 . 11 Let w = w G 

L°°(R). Set 



h :=—^, D(h )=R 2 (R), h:=h + w, D(h) = D(h ). 

Assume that for some a > there exist real numbers u± such that 

lim \y\ a w(y) = u±. (4.78) 

y— >±oo 

In particular, (14.781) imples that <J ess (h) = [0,oo). 
Set u± := max{0, —u>±}, cj± : = max{0, oo±}. 
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Lemma 4.7. [23 Theorem XIII.82] Assume that (HTBD holds with a G (0,2). Then we 
have 

«iV(-A; h) = C a + (^O 1 ^) ' (4 ' 79) 



lim A 2 

AJ.0 



+ [uj 



(4.80) 



Remark: Under the hypotheses of Lemma 14.71 relation ( 14. 79ft is equivalent to the stan- 
dard semiclassical formula 

N{-\- h) = (27T)- 1 \{(y, rj) G T*R | rf + w(y) < -X}\ (1 + o(l)), A | 0, 

where | • | denotes the Lebesgue measure, provided that uj[_ ^ + u\_ ^ > 0. 
Recall now that h q (e), h 0:q ) = —N(—\;h q (e)), A > 0. Since the operator h q (e) 

is unitarily equivalent to the operator h = h + w with w(y) = |/), and the 

quantities u g) ±(e) are continuous at e — 0, we find that (I2.15P and (14.791) imply (I2.17p . 

Lemma 4.8. Assume that ( 14. 78[) /ioWs wzi/i a G (1,2). T/ien we /tai>e 

lim A^~«£(A: /i, /i ) = 

AJ.0 

-C (<*(»/«) ( (-<- , ) 1/ " + («f>) V °) + cot (»/<») ((a,«) V °- ^ ^ V<> 
Proof. Set 

^o +) == " j^, = {« e H 2 (0, oo) | u(0) = 0} , 

/,(+) ;= /,(+) + ffl|M , £>(&(+)) = D(h^). 

By the Birman-Krein formula (12.121) . and [26l Section 7, Corollary], 

hmA^£(A; = -C a (esc (vr/a) (wf ) ) V °' + cot (tt/ck) (J+^j . (4.81) 

Now put 

h V ■= -f* D ( h o~ ] ) = {«e H 2 (-oo, 0) | «(0) = 0} , 

Since the operator /iq ' is unitarily equivalent to h^~\ and the operator is unitarily 
equivalent to + w with w(y) = w(—y), y > 0, we find that (I4.8ip entails 

limA5-«C(A;/i H ,4 -) ) = fcsc(vr/«) ^ + cot (tt/ck) (wL +) ) 1/a ) . (4.82) 
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Making use of the orthogonal decomposition L 2 (M) = L 2 (— oo, 0) © L 2 (0, oo), introduce 
the operators © h^ and © h^ + \ self-adjoint in L 2 (K). Evidently, 

£(A; fcH © fc« © /,(+)) = £(A; fcM h^) + £(A; h^, h ( +) ). (4.83) 

Note that the resolvent differences (ho — E$) _1 — (/i © h + ^ — -Eo) 1 and (/i — -Eo) 1 — 
(fcH © - £ )-i with E < inf cr(/i) are rank-one operators. This fact as well as 
the definition of the SSF for a pair of semibounded operators satisfying (I2.9p (see e.g. 
[27] Theorem 8.9.1]), the chain rule for SSFs for trace-class perturbations (see e.g. [27J, 
Proposition 8.2.5]), and Krein's estimate of the SSF for finite-rank perturbations (see 
e.g. [27, Theorem 8.2.1]), imply 

£(A;Mo) =e(A;^ ) ©/i (+) ,^ ) ©4 +) )+C(l), A > 0. (4.84) 
Now (OOj) follows from the combination of fl4~84j) . (14331) . and (J43T]) - (Q2jl . □ 
The combination of (jZZESj) and (14301 easily yields (f2~T8l) . 

4.9. Finally, we assume that a > 2 and prove Corollary 12.31 If A < 0, then (12.201) is an 
immediate consequence of Theorem 12. 2l and the well-known fact that the ID Schrodinger 
operator — + w(y), y 6 R, has a most a finite number of negative eigenvalues if 
w(y) = o(\y\~ 2 ) as \y\ — > 00 (see e.g. [23]). Assume A > 0. Combining 04.81) . (14.71) . 
f )4.4p . and (14. 5 j) with p = 1, we obtain 

|ind(J- e + Rer g (A), J-e)| < n*(l - |e|;Rer 9 (A)) < 

(1 - leD^HM^CA)!!! + rankM^ 2 (A) + (1 - |e|)~ 1 ||M0 i3 (A)||i, e G (-1, 1). (4.85) 

Pick 7 < (a - l)/2, 7 < 1, 7 > 1/2. Using (1470]) - ([1772]) . we find that the r.h.s. of 
(I4.85P remains bounded as A I 0. 

Putting together (143UD . (1437]) - (14381) . (14351) - (14361) . and (14351) . we obtain (1230|) in 
the case A > 0. 
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